Spacetime Geometry in Higher Spin Gravity 



Martin Ammon, Michael Gutperle, Per Kraus and Eric PerlmutterS 

Department of Physics and Astronomy 
University of California, Los Angeles, CA 90095, USA 

Abstract 

Higher spin gravity is an interesting toy model of stringy geometry. Particularly 
intriguing is the presence of higher spin gauge transformations that redefine notions of 
invariance in gravity: the existence of event horizons and singularities in the metric be- 
come gauge dependent. In previous work, solutions of spin-3 gravity in the SL(3,R) x 
SL(3,R) Chern-Simons formulation were found, and were proposed to play the role of black 
holes. However, in the gauge employed there, the spacetime metric describes a traversable 
wormhole connecting two asymptotic regions, rather than a black hole. In this paper, we 
show explicitly that under a higher spin gauge transformation these solutions can be trans- 
formed to describe black holes with manifestly smooth event horizons, thereby changing the 
spacetime causal structure. A related aspect is that the Chern-Simons theory admits two 
distinct AdS3 vacua with different asymptotic VF-algebra symmetries and central charges. 
We show that these vacua are connected by an explicit, Lorentz symmetry-breaking RG 
flow, of which our solutions represent finite temperature generalizations. These features 
will be present in any SL(N,R) x SL(N,R) Chern-Simons theory of higher spins. 
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1. Introduction 



The AdS/CFT correspondence [|],|2]|J is a ver Y powerful tool to understand aspects 
of both strongly coupled gauge theories as well as gravitational theories. It is of great 
importance to find more examples of the correspondence, as well as to move away from 
the semiclassical gravity/large N - large 't Hooft coupling limit in which most work in 
AdS/CFT has been done. It has long been speculated that the proper description of 
spacetime geometry at the string scale might involve a large enhanced gauge symme- 
try, corresponding to the infinite tower of string modes. Recently, theories with massless 
higher spin fields have been reevaluated in the context of the gauge/gravity 

correspondence 00,00^3]. 



An interesting conjecture [^5| proposes that the dual of the three dimensional O(N) 
vector model in the large N limit is a Vasiliev higher spin theory in AdS4. In the last 
two years a substantial amount of evidence for this conjecture has accumulated, see e.g. 

g,0,igp,|o|. 



Higher spin theories in three dimensions [21] are considerably simpler than theories 
in four or more dimensions. This is due to the fact that it is possible to truncate the 
infinite tower of higher spin fields to fields of spin s < N. Furthermore, the complicated 
nonlinear interactions of the higher spin fields can be reformulated in terms of a Lagrangian 

generalizing the Chern- 



SL(N,R)x SL(N,R) Chern-Simons theory |2j,|3|,||j2j,|6|,|3, 
Simons formulation of three dimensional AdS gravity []29|j30|1 , which is obtained as a special 
case by setting N = 2. For N > 2 the underlying asymptotic Virasoro symmetry is 



extended to a Wn algebra |3T| via the (classical) Drinfeld-Sokolov reduction of the Chern- 
Simons theory fl2~7,28,32"|. 



In an interesting paper |33| a duality between three dimensional higher spin theories 
with W N symmetry and a W N minimal coset SU(N) k <g> SU(N) 1 / SU(N) k+1 CFT was 
conjectured, in a particular large N 't Hooft limit. This conjecture has been investigated 
further in @|3^,|3§,|37| . 

The simplest higher spin theory is given by the N = 3 Chern-Simons theory which 
describes the interactions of a graviton with a massless spin-3 field, and has an AdS3 
vacuum with two copies of the W% algebra as its asymptotic symmetry group. The relation 
of the Chern-Simons formulation and the higher spin theory was worked out in detail in 
2j| and is briefly reviewed in section 2. An important feature of this theory is that gauge 



transformations of the higher spin field act nontrivially on the metric. As we shall see, 
due to this property certain spacetime characteristics that we usually think of as being 
invariantly defined — such as the event horizon or curvature singularity of a black hole - 
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become gauge dependent.! 

Ordinary AdS3 gravity contains BTZ black hole solutions. From the boundary CFT 
point of view these black holes carry nonzero charge with respect to the left- and right- 
moving Virasoro zero modes, corresponding to the mass and angular momentum of the 
black hole!. The Ws algebra contains additional left and right moving spin-3 zero modes 
and it is natural to ask whether generalized black hole solutions exist that carry these 
charges (for work on black holes in higher spin theories from different perspectives see 

mm)- 

This question was answered in the affirmative in a recent paper by two of the present 
authors |j43| , where a solution carrying W3 charge was found. For black holes in ordinary 
gravity (such as the BTZ black hole) the temperature of the black hole is determined by 
demanding that in Euclidean signature solution the time circle closes off smoothly, and the 
entropy is given by the area of the horizon. In SL(3,R) gravity, due to the gauge dependence 
of the metric, both statements need to be replaced by a gauge invariant criterion. In |4t| it 



was proposed that the holonomies of the Chern- Simons gauge fields around the Euclidean 
time circle should take the same values as for the BTZ black holes. It was shown that 
this criterion leads to a sensible thermodynamics obeying a first law; i.e. the charges obey 
an integrability condition allowing one to integrate to find the thermodynamic partition 
function. The entropy can then be calculated from the first law. 

Curiously, for the most natural choice of Chern-Simons gauge field, the resulting metric 
does not have a horizon at all, but is rather a traversable wormhole. It was conjectured in 
§43|| that a gauge transformation exists which transforms the wormhole solution to a black 
hole solution with a smooth horizon. In addition, it was suggested that the conditions for 
such a gauge transformation to exist coincide with the holonomy conditions imposed in 
J43|. Some evidence for these conjectures was provided by employing perturbation theory 
in the higher spin charge. 

The main result of the present paper is that we show that the conjecture of ]43|] and 
the interpretation of the black hole solution is correct. We find the gauge transformation 
that takes the wormhole to the black hole, and compute the explicit black hole metric, 
which is seen to be a spin-3 charged generalization of the BTZ solution. We thus have a 
very concrete example of how two spacetime metrics with different causal structures can 
be gauge equivalent in higher spin gravity. 



2 The fact that Riemannian geometry is not appropriate in higher spin theories is well-known, 
see e.g. (38[[39],(40|. 



For a review and references on ACIS3/CFT2 and BTZ black holes see [41]. 
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A second important result of the paper is that apart from the AdS3 vacuum which has 
W3 symmetry, there is a second AdS3 vacuum which has a different asymptotic symmetry 
algebra, namely W 3 , first constructed in P4] , |4"5|1 . These two vacua correspond to the two 

inequivalent embeddings of SL(2,R) in SL(3,R). It is simple to write down a solution repre- 

(2) 

senting a renormalization group flow from the Wf J CFT in the UV to the W 3 CFT in the 
IR. It turns out that our black hole solution represents a finite temperature generalization 
of this RG flow solution. 

The structure of the paper is as follows: In section 2 we briefly review the Chern- 
Simons formulation of the spin-3 theory and construct the AdS3 vacuum which has W3 
symmetry following ||2811 . We also construct a second AdS3 vacuum based on the non- 
principal embedding of SL(2,R) in SL(3,R) and show that the asymptotic symmetry algebra 

(2) 

is Wf J . Finally, we construct solutions which can be interpreted as renormalization group 
flows between the two vacua. In section 3 we review the black hole solutions in "wormhole" 
gauge found in ||43|| . In section 4 we construct the explicit gauge transformation taking 
the solution from "wormhole" gauge to "black hole" gauge, and establish that the metric 
and spin-3 field are smooth across the horizon precisely when the holonomy conditions are 
obeyed. We close with a discussion of open questions and directions for future research. 
Some calculational details, as well as generalizations of some results to the case of general 
N, are relegated to appendices. 

Note: We understand that work on related issues will appear in HH . 



2. SL(3,R) Chern-Simons theory, spin-3 gravity, and its AdS3 vacua 

In this section we first quickly review the formulation of 3D higher spin gravity in 
terms of SL(3,R) Chern-Simons theory. We then discuss the two distinct AdS3 vacua 
of this theory, and their asymptotic symmetry algebras. Finally, we exhibit an RG flow 
solution interpolating between these vacua, and study some of its properties. 

2.1. Chern-Simons action 

It was discovered long ago that Einstein gravity with a negative cosmological constant 
can be reformulated as a SL(2,R)x SL(2,R) Chern-Simons theory |29| , |30| . It was shown 



in |2l| that a SL(N,R)x SL(N,R) Chern Simons theory corresponds to Einstein gravity 
coupled to N — 2 symmetric tensor fields of spin s = 3, 4, . . . , N. 

In the following we will only consider the N = 3 case, i.e., SL(3,R)x SL(3,R) Chern- 
Simons theory, which corresponds to spin-3 gravity in three dimensions with a negative 



cosmological constant. Our conventions follow those in [43 
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The action is 

S = S C s[A}-Scs[A] (2.1) 

where 

S CS [A] = y Tr AdA + AAA A^j (2.2) 

The 1-forms A and A take values in the Lie algebra of SL(3,R). An explicit representation 
of the eight generators Li, i = — 1,0, +1 and Wj, j = — 2, — 1, • • • , +2, as well as our 
conventions, is given in appendix A. The Chern-Simons level k is related to the Newton 
constant G and AdS3 radius I as 

k - w (2 ' 3 » 

We henceforth set 1 = 1. 

The Chern-Simons equations of motion correspond to vanishing field strengths, 

F = dA + AAA = , F = dA + AAA = (2.4) 

To relate these to the spin-3 Einstein equations we introduce a vielbein e and spin connec- 
tion u as 

A = u + e , A = u - e (2.5) 

Expanding e and u in a basis of 1-forms dx^ 1 , the spacetime metric <7„„ and spin-3 field 
<£> Ml , 7 are identified as 

9\iv = ^Tr(e M e w ) , V^-y = ^Trfe^e^e^) (2.6) 

where 9? At! y 7 is totally symmetric as indicated. Restricting to the SL(2,R) subalgebra gener- 
ated by Li, the flatness conditions ( |2.4j ) can be seen to be equivalent to Einstein's equations 
for the metric g^ v with a torsion free spin-connection. More generally, we find equations 
describing a consistent coupling of the metric to the spin-3 field. 

Acting on the metric and spin-3 field, the SL(3,R) x SL(3,R) gauge symmetries of 
the Chern-Simons theory turn into diffeomorphisms along with spin-3 gauge transforma- 
tions (the Chern-Simons gauge transformation also include frame rotations, which leave 
the metric and spin-3 field invariant). Under diffeomorphisms, the metric and spin-3 field 
transform according to the usual tensor transformation rules. The spin-3 gauge transfor- 
mations are less familiar, as they in general act nontrivially on both the metric and spin-3 
field. It is worth noting, though, that if we ignore the spin-3 gauge invariance, then we can 
view the theory as a particular diffeomorphism invariant theory of a metric and a rank-3 
symmetric tensor field. 
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2.2. The W 3 AdS 3 vacuum 

We consider the following flat connections 

Aacls = e p Lidx + + L dp 



(2.7) 

A-Ads = -e p L_idx - L dp 



where x = t ± 0. Using (|2.6| ) , the corresponding metric and spin-3 field are 

ds 2 = dp 2 — e 2p dx + dx~ 

(2.8) 

(p a p 1 = 

The metric is that of an AdS3 of unit radius. 

More generally, we can consider solutions that approach this vacuum asymptotically, 
and work out the resulting asymptotic symmetry algebra. The analysis proceeds in a 
parallel fashion for the barred and unbarred connections, and so we'll just focus on the 
latter. Also, since we will shortly present a more detailed computation for the second of 
our AdS3 vacua, here we just sketch the steps. Following [35 j , we consider the following 
form for the connection 



A = (e p L 1 - ^-C(x+)e- p L_ 1 - ^-W(x+)e- 2p W- 2 J dx+ + L dp 



(2.9) 



In [28] there is a parameter a accompanying the W-generators that we are here setting to 



a = — 1. Under gauge transformation, 

A A + d\ + [A, \] (2.10) 



One then works out the most general A that preserves the form ( |2.9| ). Under these al- 
lowed gauge transformations the functions C(x + ) and W(x + ) transform. The asymptotic 
symmetry algebra is obtained from the Poisson brackets of the charges that generate these 
transformations; see [ESJ for details. Alternatively (see section 4 of for details), one can 



translate these variations into an operator product expansion for the symmetry currents, 
and the result is the W 3 algebra: 

Ik 9 1 
T(z)T(0) ~ ^ + -^T(O) + -&T(0) 

T(z)W(0) ~ -jW(0) + -dW(0) 

' ' (2.11) 



5k 1 10 1 „ /n . 5 1 „, . 3 1 . 1 1 

— - + — j£ o + —3^ + — -d 2 c(o) - —- 1 

1X Z Z° TV Z* 71 Z" 3 ITX Z A D7T Z 

|i£(0) S£ ,0) - |^(0)> 
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Here we are using complex coordinates: z = x + . The TW OPE identifies W as a spin-3 
current, i.e., as a dimension (3,0) primary operator. The same analysis for the barred 
connection gives rise to anti-holomorphic W$ algebra with a dimension (0, 3) current. 
From the TT OPE the central charge is found to be 

c = 6k (2.12) 

which, using (|2.3|), agrees with the usual Brown- Henneaux formula c = 31 /(2G) 



2.3. The W^ 2) AdS 3 vacuum 

The procedure reviewed above for extracting the asymptotic symmetry algebra is an 
example of the classical Drinfeld-Sokolov procedure, with which one can construct a W- 
algebra from an embedding of the SL(2,R) algebra inside a Lie algebra. In the example 
just given, the SL(2,R) algebra was generated by (Li, Lo, L-i). This is the "principal 
embedding" in SL(3,R). It is characterized by the fact that the five W generators transform 
as a spin 2 multiplet with respect to the SL(2,R) algebra. As discussed, this embedding 
gives rise to the W3 algebra. 

In the case of SL(3,R) there is exactly one additional inequivalent embedding of 
SL(2,R), up to conjugationS. We define rescaled versions of (W 2 , L , W-2) so that they 
obey the same commutation relations as (Li,L ,L_i), 

W 2 = 1\V 2 , L = ~L , W- 2 = -\w-2 (2.13) 



These have traces 



Tr(LoLo) = ~ = JtV(L L ) , 
Ti(W 2 W_ 2 ) = -1 = iTr(LiL_i) 



(2.14) 



Note that the branching of the adjoint representation of SL(3,R) into SL(2,R) representa- 
tions is different in this case. There is one spin-0 multiplet, given by Wo, and two spin-1/2 
multiplets, given by (Wi,L_i) and (Li,W-i). (This is in addition to a spin-1 multiplet 
given by the SL(2,R) generators themselves). 

( 2 ) 

This embedding gives rise to another VF-algebra known as W 3 , sometimes referred 



to as the Polyakov-Bershadsky algebra p4],45l . Next we work out the corresponding AdS3 



(2) 

vacuum and its asymptotic W 3 symmetry algebra. Its central charge, which we denote 
by c, will soon be related to the central charge c of the W3 vacuum. 



4 Some relevant facts about SL(2,R) embeddings in SL(N,R) are reviewed in appendix E. 
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The unbarred gauge field includes fields for the highest weight generator in each mul- 
tiplet 

A = e~ pLo (w 2 - TW-z+jWo+gtL-x + g 2 W-^e pl «dx+ + L dp (2.15) 

We parameterize a general gauge transformation as follows 

A = e - pLo (eiW 2 + e L Q + e_^_ 2 + ~fW + S x Li + S^W-x + p x W x + p^L^e? 1 " 

(2.16) 

Here the x + dependence of the fields and the transformation parameters is suppressed. 
We demand that the gauge transformation 

5A = d\ + [A, A] (2.17) 

respect the form of ( |2.15| ). The conditions determine the transformations of the fields 
(T, j, gi, g 2 ) dependent on the parameters (ei, 7, 8\, p\). Defining new fields 

9 

j = -U 
J 2c 



c cr 

92 = -|( G+ - G .) 



as well as transformation parameters 



the transformation rules become 



SU = e'U + eU' - a+G+ + a-G- - -r/ 

9 

a 0101 

ST = —e'" + 2e'T + eT' + -a'G+ + -a+G' + -a' G_ + -a_G" + n'U 
12 2 + + 2 + + 2" 2" 

SG+ = %d'_ + le'G+ + eG' + a_(T + ^U 2 + hj') + 3a'_U + r]G + 
6 2 c 2 

1 Q Q 

5G- = -~a'l + -e'GL + eG'_ - a + (T + — U 2 - -U') + 3a' U - 77GL 
6 2 c 2 



(2.18) 



1 9 rr 

7 = — 77 H Ue 

1 2 ' 2c 

r 1 , , x (2-19) 

= 271 + 

Pi = — ^(a+ - «-) 
2^ 



(2.20) 



where the prime denotes a derivative with respect to x + . These are identical to those 
generated according to 

SO = 2nRes(j(z)O(0)^) (2.21) 
with the current (denoting the operators by the same symbols in an abuse of notation) 

J= — (eT + r)U + a + G + + (2.22) 
and the operator product expansion 

U(z)U(0) < 



(2.23) 



9z 2 

U(z)G±(0) ~ ±-G±(0) 

z 

T(z)U(0) ~ \u(0) + -dU(0) 

z z z 

T(z)G±(0) ~ ^G±(0) + -3G±(0) 
2z z z 

t(z)t(o) ~ + At(o) + -ar(o) 

2z 4 z z z 
G + (z)G.(0) ~ + ll7(0) - ~(T(0) + y<7(0) 2 - |a?7(0)) 

(2) __ 

This is the classical W$ algebra (see e.g. [0). Apart from the stress energy tensor T, 
we have weight 3/2 primaries, G±, as well as a weight one current, U. Note that the 
conformal weight of each field is obtained from the SL(2,R) s pi n by adding one. This 
is a general feature as discussed in appendix E. Due to the presence of the two spin-3/2 

(2) 

bosonic currents, the W% algebra can be thought of as a sort of bosonic analog of the 
M = 2 superconformal algebra. Unlike the latter, the is nonlinear, as seen by the 

appearance of U 2 in the G+G_ OPE. 



The AdS vacuum for the SL(2,R) embedding (|2.13|) is given by gauge connections 



A A dS = e p W 2 dx+ + L dp 

_ - (2.24) 

AacIS = -e p W- 2 dx - L dp 

which yields 

ds 2 = - (dp 2 -e 2p dx+dx-) 

4 K ' ; (2.25) 

(fafi-y = 

The metric now describes an AdS3 of radius 1/2. 
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Note that the central charge c was not determined by the procedure leading to ( |2.23|) . 
This is a consequence of the fact that the Chern Simons level k does not enter in ( |2.17|) . 
The central charge can, however, be determined by the following argument. 

Comparing the two SL(2,R) embeddings, the generators that appear obey the same 
SL(2,R) commutation relations. The only difference arises from the rescaled trace relations 
( |2.14|) . This has the effect of reducing the overall normalization of the Chern-Simons action 
restricted to the SL(2,R) subalgebra by a factor 1/4 compared to before, which is to say 

(2) 

that k is effectively replaced by k/A. The central charge of the W% vacuum is therefore 
modified: 

1 3k , 
c=~ A c=- (2.26) 

This result can also be established from the metric point of view. If instead of using 
(|2.6|) to define the metric we use = 2Tr(e At e J ,), then the AdS3 vacuum will again 
have unit radius. The action expressed in terms of the hatted metric will take the same 
form as in the unhatted case, except for an overall factor of 1/4 from the rescaled trace. 
Applying the Brown-Henneaux formula then again yields ( |2.26|) . 

Yet another way to arrive at this result is to compute the Poisson brackets of the 
charges generating the asymptotic symmetry transformations. The rescaled trace relations 
just lead to a factor in front of the action that leads to rescaled versions of the canonical 
momenta. Once again, the effect is just to replace k by k/A. 

Given the metric ( |2.25| ) with radius 1/2, one might be tempted to conclude that c = \c 
by applying the Brown-Henneaux formula directly. However, a proper analysis has to take 
into account both the scale size of the AdS3 and the effective Newton constant, which this 
argument does not do. 

(2) 

2.4- RG flow between W$ and Ws vacua 

(2) 

It is very easy to write down a solution that interpolates between the vacuum 
in the UV and the W3 vacuum in the IR. We take 

A = Xe p L l0 lx + + e 2p W 2 dx~ + L dp 

_ . (2.27) 

A = -\e p L_ x dx- - e 2p W- 2 dx+ - L dp 

Note that we have chosen to accompany dp by Lq rather than Lq, which accounts for the 
e 2p factors multiplying the W-generators. Also, for reasons to be explained momentarily, 



compared to ( 2.24 ) we take the W 2 term in A to be associated with dx rather than 



dx + . The parameter A is arbitrary, and can be set to any desired value by shifting p and 
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scaling x . At large p the connections approach ( 2.24J) (after rescaling p and exchanging 
x + <H- x~), while at small p they approach ( |2.7|) . 
The corresponding metric and spin-3 fields are 

ds 2 = dp 2 - (]e 4p + X 2 e 2p ) dx + dx~ 

^ 4 / (2.28) 

ip aM dx a dxPdx~< = ^Tr(eee) = -\\ 2 e^ p {dx + f + \\ 2 e Ap {dx~f 
3:8 8 

The metric interpolates between the two AdS3 vacua at large and small p. In an orthonor- 

mal frame, the spin-3 field vanishes asymptotically at large and small p, but is nonzero 

in between. Additionally, while the metric preserves Lorentz invariance in x ± , the spin-3 

field does not. 

We now discuss the CFT interpretation of the RG flow from the standpoints of the 
UV and IR CFTs. From the standpoint of the UV CFT with IU 3 (2) symmetry, the RG 
flow is triggered by the A-terms in (|2.27|) . In the UV CFT A is a source for the spin-3/2 
operators .i This can be seen from the field equations, or by noting that under the UV 
scale invariance A has dimension 1/2 = 2 — 3/2, which is correct for a source conjugate 
to a dimension 3/2 operator. Thus, the RG flow is initiated by adding to the UV CFT 
Lagrangian a relevant operator of dimension 3/2. 

Thinking in terms of the IR CFT with W3 symmetry, the flow is initiated by adding 
the W±2 terms, which correspond to adding to the Lagrangian the spin-3 currents. These 

are irrelevant dimension 3 operators, and so deform the theory in the UV. They drive the 

(2) 

theory to the new UV fixed point with W% symmetry. 

One surprising feature concerns the central charges. We have cuv = it an< ^ ° IR = ^ 
and so cm > cuy, which seems at first to be in conflict with the c-theorem. However, 
there is no actual contradiction since the proof of the c-theorem applies to Lorentz invariant 
RG flows (rotationally invariant in Euclidean signature) , whereas here we are adding non- 
Lorentz invariant operators. The fixed points of the RG flow are Lorentz invariant field 
theories, but the full flow is not. While there is thus no immediate conflict with the c- 
theorem, this result is still somewhat puzzling as it seems at odds with the usual intuition 
regarding the decrease of degrees of freedom under RG flow. The resolution of this puzzle 
may involve the fact that the UV CFT really has a family of stress tensors due to the 
presence of a U(l) current algebra. 

While we leave a complete analysis of this and related RG flows to future work, it 
is useful to present a few results to aid in interpretation. First, we consider linearized 



It was in order to have this interpretation that we associated the L\ and W2 generators in 



( 2.27 ) with opposite chiralities. 
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perturbation theory around the RG flow background. This will allows us to determine the 
relation between UV and IR operators. Focussing just on the A-connection, we turn on 
terms corresponding to nonzero currents in the UV and IR. We thus add to (|2.27| ) the 
terms 

5A = {T IR e~ p L_ 1 + W IR e- 2p W- 2 ) dx + 

(2 29) 

+ (JuvWo + d§ v e- p L- X + GP v e- p W-i + T uv e- 2p W- 2 ) dx~ 

where all coefficients, Tj R etc, are arbitrary functions of (x + ,x~). Up to normalization, 
these coefficient functions are the respective currents in the UV/IR. 
Solving the linearized field equations, we find 

Juv = 2h TlR 



G uv — ~-^d + T IR 



X , (2.30) 

>(2) = l_ 

6A 2 ' 

TuV = 24V d + TlR 

along with 

d-T IR = -\d + W IR 

f (2.31) 

9 - WlR = 24^ d + TlR 

From the first two relations in ( |2.30|) we see that the IR currents (Tj R , Wi R ) are locally 
related to the UV currents ( Juv, G^y). In particular, the IR stress tensor is locally 
related to the UV spin-1 current, not to the UV stress tensor. The equations in ( |2.31| ) 
show that deep in the IR, which corresponds to large A, the currents (Ti R , Wi R ) obey 
chiral conservation equations as expected. 

The relation between Tjjy and Tj R indicates that Tjjy, which is of course a dimension 
2 operator in the UV, acquires dimension 4 in the IR. This can be shown in more detail 
by computing the AdS/CFT two-point correlator (TuvTuv) ■ This computation is carried 
out in appendix B, and the result is, in momentum space and up to overall normalization: 

(T UV (P)T UV (-P)) = p3+P ~ (2.32) 

A 4 -|^ 

3 p A _ 

4 

At short distances we have -4- 3> A 4 and so the UV result is 

pi 

UV : (T uv (x)T uv (0)) ~ / ^y/ V - X - ( 2 -33) 
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At long distances we take ^ A 4 , and expand ( |2.32| ) to first subleading order, since the 
leading order term is polynomial in momentum space and hence a contact term in position 
space. The leading behavior is thus 

IR : (T uv (x)T uv (0)) ~ / ^ V f_e^ ~ j^y 8 (2-34) 

This result shows that Tjjv goes from being a dimension (2, 0) operator in the UV, to 
being a dimension (0, 4) operator in the IR. The fact that the operator goes from being 
rightmoving to leftmoving is of course a consequence of the non-Lorentz invariant character 
of the RG flow. 



3. Review of spin-3 blackhole solutions in wormhole gauge 



In J43[ the following solution was proposed to represent black holes carrying spin-3 
charge: 

A=( e p L x - ^Ce~ p L_ 1 - ^-We- 2p W- 2 )dx+ 
\ k 2k / 

+ Je 2p W 2 - ^W + ^-e~ 2p W. 2 + ^e-'L-jW + L dp 

_ V ^ W _ 2 _ 4 J* Wo + ^e-»W 2 + ^e-'L^ - L„dp 

The structure of this solution is easy to understand. Focus on the ./l-connection. As in 
(PDQ, to add energy and charge density to the W3 vacuum we should add to A+ terms 
involving L_i and W- 2 , as seen in the top line of ( |3.1| ). For black holes, which represent 
states of thermodynamic equilibrium, the energy and charge should be accompanied by 
their conjugate thermodynamic potentials, which are temperature and spin-3 chemical 
potential. We incorporate the former via the periodicity of imaginary time, while the 
latter was shown in |43| by a Ward identity analysis to correspond to a \xW 2 term in A- . 
The remaining A- terms appearing in (|3.1|) are then fixed by the equations of motion. 
We will henceforth restrict attention to the nonrotating case: 

£ = £, W=-W, 71= -At (3.2) 

If we set a* = VV = 0, then the connections become those corresponding to a BTZ black 
hole asymptotic to the W3 vacuum. From the standpoint of this CFT, the \ie 2p W 2 dx~ 
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term represents a chemical potential for spin-3 charge, and the We~ 2p W-2(lx + term gives 
the value of the spin-3 charge. This solution is therefore interpreted as a generalization of 
the BTZ black hole to include nonzero spin-3 charge and chemical potential. 

Another useful special case to consider is £ = W = with (j, ^ 0. After shifting p, the 
resulting connection is identified with the RG flow solution ( |2.27| ) with A = jhp- ^° ^ or 
small (£, W) and finite /i, we can think of this solution as representing an excited version 
of the RG flow. 

The general non-rotating solution (|3TT|) - (pT2|) , as written, can be thought of as de- 
pending on four free parameters: three of these are (£, W, //), and the fourth is the inverse 
temperature f3, corresponding to the periodicity of imaginary time, t = t + i/3. However, we 
expect that there should only be a two-parameter family of physically admissible solutions: 
once one has specified the temperature and chemical potential the values of the energy and 
charge should be determined thermodynamically. For the uncharged BTZ solution the re- 
lation between the energy and the temperature is obtained by demanding the absence of 
a conical singularity at the horizon in Euclidean signature. The analogous procedure in 
the presence of spin-3 charge is more subtle, as was discussed in detail in pSfl . It was 
proposed there that one should compute the holonomy of the Chern-Simons connection 
around the Euclidean time circle, and demand that its eigenvalues take the fixed values 
(0, 27rz, —2tii). This was proposed as the gauge invariant characterization of the condition 
for the Euclidean time circle to smoothly close off at the horizon. This condition has the 
virtue of being gauge invariant, reproducing known BTZ results in the uncharged limit, 
and, as shown in ||43|| , being compatible with the first law of thermodynamics. In the next 
section we will find strong independent evidence for the validity of this proposal. 



corresponding to the modular parameter of the torus, the holonomy around the time circle 



Writing 



(3.3) 




u = 2tt(tA + -tA-) 



(3.4) 



The conditions on its eigenvalues can be recast as 



det(w) = , Tr(w 2 ) + 8tt 2 = 



(3.5) 



For completeness, in appendix C we provide the holonomy along the angular direction. 
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which, for the connection ( |3.1| ), become explicitly 



= -2048tt V£ 3 + 576nkpC 2 - 864nkp 2 WC + 864nkp 3 W 2 - 27/c 2 W 

ol2 (3.6) 

= 256tt V^ 2 + 24tt/c£ - 72nkpW + 



T 2 



These relations pass an important consistency check. We want to think of the 
black hole as a saddle point contribution to a partition function of the form Z(t, a) = 
Tr [ e 8 7r 2 i(r/:+aW)]_ But gince this imp i ies £ ^ dZ/dr and W ~ dZ/da, Z will exist only 

if the charge assignments following from ( |3.6| ) obey the integrability condition ^ = 
The consistency check is that upon taking a = one indeed finds that the conditions 
( [3.6| ) imply integrability. This is equivalent to saying that we can define an entropy that is 
consistent with the first law of thermodynamics. In contrast to ordinary gravity where we 
can use either the area law or the value of the Euclidean action to compute the entropy, 
neither of these approaches are immediately applicable in the higher spin case, and so we 
need to proceed as described here. Note also that the relation a = (3p> should be thought 
of as being determined self-consistently together with the charge assignments. 

Now that we have reduced the black hole solutions to a two-parameter family, we can 
work out the corresponding metric, which leads to a surprise. Using (|2.6|) , we find a metric 
of the form (see [[13 1 for the explicit formulas) 



ds 2 = dp 2 - F(p)dt 2 + Q{p)d(f) 2 (3.7) 

The metric reduces to BTZ in the uncharged limit, but the surprise is that for any nonzero 
charge, J-"(p) and G(p) are both positive definite quantities. In particular, since T never 
vanishes there is no event horizon — this geometry possesses a globally defined timelike 
Killing vector. At large positive and negative p, both J 7 and Q have leading behavior 
e 4 M, corresponding to an AdS3 metric of radius 1/2, and so the metric ( |3.7| ) describes 
a traversible wormhole connecting two asymptotic AdS3 geometries. We recognize these 

(2) 

asymptotic AdS3 regions as the Wf> vacua discussed previously. One may therefore 
justifiably question what, if anything, this solution has to do with black holes! 

It is at this point that we should remember that the metric of the spin-3 theory is 



not invariant under higher spin gauge transformations. In [43] it was therefore conjectured 
that there exists a spin-3 gauge transformation that will transform (|3.7|) into a black hole, 
and evidence for this was presented at linear order in the charge. In the next section we 
establish the validity of this conjecture to all orders, finding the explicit gauge transfor- 
mation needed to take the wormhole into a black hole, along with the explicit black hole 
metric. This metric is completely smooth, as is the accompanying spin-3 field, and has 
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AdS3 asymptotics. Furthermore, at least within our ansatz, there is a unique such black 
hole solution, and its smoothness requires that the holonomy conditions ( |3.6| ) be obeyed. 



4. Gauge transforming the wormhole into a black hole 

In this section we describe the solution to the following problem. We start from the 
wormhole solution reviewed in the last section: 

A = (e p L x - < ^Ce~ p L_ 1 - ^We~ 2p W- 2 )dx + 

( 2oTrr 47r£ TIA 4tt 2 £ 2 _ 2oTTr 4nW _ OT \ . _ _ . 
+ /i (e 2p W 2 —W + e 2p W- 2 + ——e p L- 1 )dx + L dp 

+ ^W. 2 - ^W a + ^fe-**W 2 - ^-"L^ - L d P 

We then consider new connections related to these by SL(3,R) gauge transformations: 

A = g-\p)A{p)g{ P ) + g-\ P )dg{p) 
A = g{p)A{p)g-\p)-dg{p)g-\p) 

with g(p) G SL(3,R). The relative gauge transformation for A versus A is taken to maintain 
a non-rotating ansatz. The metric and spin-3 field corresponding to (A, A) will take the 
form 

,2 „ / \ r 2 , „ /„u 4 2 



ds = g PP {p)dp +g tt (p)dt + , 
Lp a! 3~ f dx a dx f3 dx 1 = (pfap^dcpdp 2 + tp^u^dcpdt 2 + ' ■ 



We demand that this solution describe a smooth black hole with event horizon at p = p + , 
or at r = with 

r = P - P+ (4.4) 

Assuming that g rr (fy > 0, as will be the case, this first of all requires gtt(0) = g'uify — 
and g^(0) > 0, so that after rotating to imaginary time the metric expanded around r = 
will look locally like R 2 x S 1 : 

ds 2 « g rr (0)dr 2 - ± g ' t ' t (0)r 2 dt 2 E + g^(0)d<p 2 (4.5) 

In order for the metric to avoid a conical singularity at r = we need to identify t E — ts+P 
with 

„ , / 2grr(0) .... 

" = 2 i (4 - 6) 
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Having done so, we can switch to Cartesian coordinates near r = and the metric will be 
smooth. 

The same smoothness considerations apply to the spin-3 field. Noticing the parallel 
structure, we see that we should demand ^tt(O) = (p'^ tt (0) = 0, and 



. 2^ rr (0) 



with the same f3 as in (|4.6[) . 

There is still one more condition to impose to ensure that the solution is completely 
smooth at the horizon. If we work in Cartesian coordinates (x, y) around r = 0, we should 
demand that all functions are infinitely differentiable with respect to both x and y. If 
this is not the case then some curvature invariant (or spin-3 quantity) involving covariant 
derivatives will diverge. Given the rotational symmetry, this condition implies that the 
series expansion of all functions should only involve non-negative even powers of r. We 
impose this by demanding that all functions be smooth at the horizon, and even under 
reflection about the horizon: 

9rr(-r) = g rr (r) , g tt (- r ) = g tt (r) , g^{-r) = g H (r) 

(4.8) 

^cj>rr{-r) = ^ rr (r) , <Pc/>tt(-r) = <p</>tt(r) , (p^(-r) = 



We now summarize the solution to this problem. More details are provided in appendix 
D. The symmetry conditions f [4.8|) can be enforced by demanding 

e t(— r ) = _ h(r)~ 1 e t (r)h(r) 

e^(-r) =h{r)- 1 e 4> {r)h{r) (4.9) 

e r(— r) = h(r)~ 1 e r (r)h(r) 

with h(r) G SL(3,R), and similar conditions on the spin-connection. The BTZ solution has 
h(r) = 1, so we can think of these conditions as a "twist" of the BTZ vielbein reflection 
symmetries. In addition, h(0) = 1, implying that et(0) = 0, a feature of the BTZ solution 
that persists in the spin-3 case.@ 

To gain some insight into the form of g(r) and h(r) we can start with the BTZ 
solution and then carry out the gauge transformation perturbatively in the charge. These 
considerations lead us to the ansatz 

g f r \ = e F(r)(W 1 -W- 1 )+G(r)L 

h(r) = e »W(Wi+W-i) (4 ' 10) 



7 Moreover, it is both surprising and convenient that the location of the horizon r = turns 

El 

k 



out to be at p = p+, with p+ given by the same expression as for BTZ: e 2p+ = 
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for some functions F, G and H. Perturbation theory suggests that this ansatz gives the 
unique solution to our problem, although we have not proven this. On the other hand, 
having assumed the ansatz ( 4.1 0| ) the remaining analysis definitely has a unique solution. 



Even after assuming this ansatz, finding a solution that satisfies all the smoothness 
conditions involves a surprisingly large amount of complicated algebra requiring extensive 
use of Mathematica and Maple. Some details are provided in the appendix. As we have 
already mentioned, a crucial point is that the solution to our problem requires that the 
holonomy conditions ( |3.6|) are obeyed; equivalently, we can derive the holonomy conditions 
by requiring the existence of a smooth black hole solution. 

Here we just present the final form for the transformed metric. It will be convenient 
to define dimensionless versions of the charge and chemical potential: 



C=\/^>V, 7=a/^ (4-11) 



32tt£ 3 ' ' V k 
as well as a parameter C defined as 



C = §37^ (4-12) 

The metric takes the form Q4.3Q with 

(C-2)(C-3) 

(C-2-cosh 2 (r)) 

/8tt£\ [C-3\ (a t + 6 t cosh 2 (r))sinh 2 (r) 

9U ~ " \~k~) \C*~) (C-2-cosh 2 (r)) 2 

{8n£\ f C-3 \ (a^ + ^cosh 2 (r))sinh 2 (r) {8nC\ 16 2 . 

= M {TV-) (C-2-cosh 2 (,)) 2 + M 1270 

(4.13) 

The coefficients at^ and bt^ are functions of 7 and C, and are displayed in appendix C 
along with the spin-3 field. 



With these results in hand, we demand a smooth horizon via (4.6) and Q4.71) . Using 
the definition ( 4.12 ), the resulting equations can be written as 



17287^C - (432 7 2 + 27)C - 1287^ + 72 7 = 

16 2 \ ivk (4-14) 

1 + — 7 2 - 127C C -r = 

3 7 2/3 2 

These are precisely the holonomy conditions ( |3.6| ), merely rewritten in the (£, 7) variables! 
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4-1. Limits and asymptotics 

Solution of equations ( 4.14Q for the charge £ and inverse temperature j3 yields 



1 + (l-f7 2 ) x/l+'-fl 2 



I287 3 

(4.15) 







1 + f 7 2 " 127C 



We have chosen the branch of £ consistent with recovery of the BTZ solution in the 7—7-0 
limit, namely the one with a power series expansion in positive (odd) powers of 7. 

The uncharged BTZ limit corresponds to taking £, 7 — y 0, and C — > 00. On the other 
hand, the maximal value of (£, 7) obtained from ( |4.15| ) is 





Cmax Y 27 ' Imax y (4.16) 

and this corresponds to C = 3. Therefore, we can take C to lie in the range 3 < C < oo. 

The extremal lower bound can also be seen directly on the level of the metric ( [4.13|) , 
which degenerates at C = 3. This is a virtue of the manifestly smooth horizon of the black 
hole, in contrast to the wormhole geometry which has no limiting form at this value of the 
charge, and hence one must resort to the holonomy to find it instead. 

The metric coefficients diverge at r = r*, where 

cosh 2 (r*) =C-2 (4.17) 

The leading behavior of the metric near r* is 

2 _ 1 dr 2 {2nC\ ( C-3 \ -[a t + b t (C - 2)}dt 2 + [a^ + b^C - 2)}d<p 2 



4(r^-r) 2 V k J\C 2 (C-2)J (r* - r) 2 

(4.18) 

This gives AdS3 with radius 1/2, and thus our transformed black hole solutions are asymp- 
totically AdS3. In addition, the spin-3 field expressed in an orthonormal basis goes to zero 



at TV 



As C approaches 3 from above we see from (|4.17|) that — > 0. Nonetheless we can 



extract the extremal asymptotics by scaling the coordinates as we take C — > 3. This has 
the effect of separating r* from the horizon and stretching the region in between. 
Expanding around extremality by defining 

7 = Text -5 (4.19) 
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we define asymptotic coordinates 

t 



r = V5r, t=~ (4.20) 
o 



Expanding all quantities and taking the 5 — y limit, one finds a metric 

ds 2 ~ f * dr 2 512nC ^ ^dP + ( 32nC + 96nC f * f 2 1 <7 1 (I 1 ) 

(f 2 . — r 2 ) 2 9/c (r 2 — r 2 ) 2 \ fc /c (r 2 — r 2 ) 2 ' 



where r+ = y . This metric has the same AdS3 asymptotics as the nonextremal 
metric (]4.18|) , which becomes evident upon defining a Feffer man- Graham coordinate r = 
tanh(?]). 

The coordinate r appearing in ( |4.13|) only covers the region outside the event horizon; 
it is analogous to \/r — 2M for the Schwarzschild solution. The region inside the horizon 
is obtained by continuing r to pure imaginary values. 

4-2. Black hole entropy 

In the entropy of the black hole was found to be 



S = 4nV2Mf(y) (4.22) 

where 



/(y) = cos0, 9=~ arctan [ X^—^l ) 0<6<- (4.23) 
6 y 1-y J 6 

and y — ^-( 2 . (We have specialized to the static case.) This was originally found by 
solving a first-order nonlinear ODE, derived by combining the definition of the partition 
function with the holonomy conditions. 

The function f(y) takes a pleasantly simple form upon plugging in for ( as a function 
of C, using (|4.12|) . This step yields 



#=larctan|A(C)^/l- JU (4.24) 

with 

MO = 6v^-l)(g-3) u 251 

A(6) - (2C-3)(C 2 -12C + 9) (4 ' 25) 

Surprisingly, taking the cosine of this angle yields the simple expression 



/(//)= (4-26) 
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As with other quantities in our analysis, we see that the entropy is most simply expressed 
in terms of C. The extremal and zero charge limits are recovered upon inspection. 

It is of course natural to wonder if the black hole entropy can be expressed in terms 
of a geometrical property of the horizon. There is of course no reason to expect that the 
Bekenstein-Hawking area law holds, since the spin-3 field is nonzero at the horizon, and 
indeed one easily checks that S 7^ A/ AG. This is related to one of the primary challenges 
inherent in higher spin gravity: the enlarged gauge invariance renders familiar geometric 
quantities, such as the horizon area, non-invariant under higher spin gauge transformations. 



Perhaps there exists a higher spin version of the Wald entropy formula ||9J that is fully 
gauge invariant. 



5. Discussion 

Let us close with some open issues. We address the black hole, the RG flow, and 
generalization to other higher spin theories in turn. 

Our main result was showing explicitly how to gauge transform between the wormhole 
and the black hole. The overall logical structure is very tight: the existence of the gauge 
transformation is contingent upon the holonomy conditions being satisfied, and there then 
exists a unique gauge transformation and smooth black hole metric.! The wormhole and 
black hole have dramatically different causal structures, and so it is of course conceptually 
interesting that they can be related by a higher spin gauge transformation. 

This situation has no analog in ordinary gravity. By adding in matter to probe the 
solution, one can map out the light cones and determine the causal structure in a unique 
fashion. But in our spin-3 theory it is not possible to simply throw in a minimally coupled 
scalar field to probe the solution, as there is no obvious way to do so that is compatible with 
the full higher spin gauge invariance. In this respect, the situation is analogous to string 
theory, where it is also not possible to add in matter arbitrarily. However, it is known 
how to couple in propagating scalar fields to the large iV limit of these higher spin theories 
5^,51]i, and such scalars play an important role in the conjecture of [[33 1. It therefore 



seems possible to compute AdS/CFT correlators between the two asymptotic boundaries 
of the wormhole/blackhole. One could then determine whether or not these two boundaries 
are causally connected, by seeing whether such correlators exhibit lightcone singularities. 



8 Strictly speaking, these statements are subject to the qualifications noted below (|4.10| ). 

9 Using this formalism massless fields in the background of the BTZ black hole were studied 



m 
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We have already noted that it would be very useful to have a higher spin version of 
Wald's entropy formula at our disposal to gain a better geometric understanding of the 



theory, to the extent that this is possible. Our entropy formula ( 4.26 ) takes a surprisingly 
simple form (as compared to the algebra leading to it), and is perhaps suggestive of a 
geometrical interpretation. Also, the twisted vielbein reflection conditions deserve to 
be better understood. 

While the existence of the black hole gauge is extremely useful for conceptual and 
interpretational purposes, it is likely to be the case that the wormhole gauge is more 
convenient for doing computations. In the wormhole gauge we know how to read off the 
charges and symmetries from the asymptotic form of the connection. In fact, this can be 

done in either of two ways: by viewing the solution in terms of the W3 CFT deformed by 

(2) 

an irrelevant spin-3 operator, or in terms of the W3 CFT deformed by a relevant spin-3/2 
operator. On the other hand, in the black hole gauge, the gauge field near r = r* does 
not take a form in which we know how to identify the CFT data, cf. (|2.15| ). It would be 
convenient and perhaps enlightening if we could understand the black hole asymptotics 
better. Such an analysis would likely need to involve the subleading terms near the AdS3 
boundary at r = r+. 

The existence of multiple AdS3 vacua in this theory, both of which have vanishing 
spin-3 field, is another intriguing and novel feature due to the inclusion of higher spin. 
We were led to a simple RG flow solution between these vacua triggered by a spin-3/2, 
Lorentz symmetry-breaking CFT operator. We would like to improve our understanding of 
the behavior of the central charge under the flow, and in particular why it increases towards 
the IR. As noted earlier, the Lorentz symmetry-breaking nature of this RG flow places it 
outside the assumptions of the c-theorem; maybe another quantity can be constructed 
which monotonically decreases along RG flows from UV to IR. 

Perhaps most conceptually interesting is the extension of these ideas to bulk theories 
with larger gauge groups. Let us consider SL(N,R) x SL(N,R) for now. To each em- 
bedding of SL(2,R) in SL(N,R) is associated an AdS3 vacuum with asymptotic symmetry 
given by the VF-algebra obtained by classical Drinfeld-Sokolov reduction. Modulo issues 
of interpretation described above, the central charge of the Virasoro algebra coming from 
the principal embedding will always be the largest. That of the other vacua will have 
an inverse relation to the index of the SL(2,R) embedding used to construct the vacuum. 
Some relevant group theoretic details are presented in appendix E. 

It is easy to write these solutions down in the Chern- Simons language once one has 
the explicit SL(2,R) embedding: simply take ansatz ( |2.24|) and replace W2 and L by the 
generators of the new SL(2,R) embedding. It is equally straightforward to construct RG 
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flows between these vacua, and hence between CFTs with different symmetries, by altering 
( j2.27|) in the same manner. The set of allowed RG flows depends on the details of the Lie 
algebra, but one can see that in general the vacuum with largest (smallest) AdS radius has 
no relevant (irrelevant) operators, and so is IR (UV) stable. 

If one takes the N — > oo limit, one finds a discretuum of AdS3 vacua, each with 
some asymptotic VF-algebra with an infinite number of primary fields. The distribution 
of central charges in this limit is subtle, as one must now take care to define the limit of 
large k and large N appropriately. These sorts of questions have been addressed in similar 



contexts in recent higher spin literature, e.g. |27| , p3ip2|| . This is a fascinating implication of 



the large N limit that deserves to be better understood, and we leave further investigation 
for future work. 
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Appendix A. SL(3,R) generators 

As in p8[ with a = — 1, we use the following basis of SL(3, R) generators 
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The generators obey the following commutation relations 

[Li,Lj] = (i-j)L i+j 
[Li, W m ] = (2i - m)W i+m (A.2) 
[W m , W n ] =--(m- n)(2m 2 + 2n 2 - mn - 8)L m+n 
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and trace relations 



Tr(LoLo) = 2 , Tr(LiL_i) = -4 

Tr(WWo) = - , TrfWiW-i) = -4 , Tr(WW_ 2 ) = 16 
o 



(A.3) 



All other traces involving a product two generators vanish. 

Appendix B. Stress tensor correlator in RG flow solution 

In this appendix we compute the AdS/CFT two-point correlator of the UV stress 



tensor T\jy in the background of the RG flow solution ( |2.27|) . To compute the correlator 
we need to turn on the source conjugate to Tuv and then compute the linearized response. 
The coefficient relating Tuv to the source is the two-point function. In this computation 
we will not pay attention to overall normalization factors. 

In studying linearized fluctuations around the RG solution, the following ansatz turns 
out to be appropriate 

A = (pe 2p W 2 + Xe p Li + l L + h 1 e~ p L_ 1 + h 2 e~ 2p W- 2 ) dx+ 

+ (w 2 e 2p + J UV W + G^ye'PL-x + G%\er p W- X + T uv e~ 2p W L 2 ) dx~ + L dp 
A = e 2p W- 2 dx + - Xe p L- 1 dx~ - L dp 

(B.l) 

Here A is constant, while all other coefficients are arbitrary functions of x^. The leading 
large p behavior of the metric derived from this connection is 

ds 2 ss dp 2 - 4e 4p dx + dx~ - Ae Ap p(dx + ) 2 (B.2) 

From this we see that \x acts as a source for T ++ = Tjjy, and so we need to work out the 
relation between Tjjv an d p- Solving the linearized flatness conditions, we find 

Guv = ~2>P +Juv 
l o = —zd-V 
hi = 2^ uv 
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along with 



}3 t l io\3a __q\2q3 



A 



Sdl J uv + 12A 3 d_G^ = -3\ 2 d 3 _ii (B.4) 

We solve ( |B.4j ) in momentum space, assuming dependence e *p+ a;+ +*p- :c ; which gives 

1 pfo- 

T[/V = ~24 , 4 ( B - 5 ) 



A 4 , .. 

3 p->_ 



which implies the result quoted in ( |2.32|) . 



Appendix C. Black hole and spin-3 field parameters 

C.l. Metric and spin-3 field in black hole gauge 

The coefficients and bt^ in the black hole metric ( ^.13[ ) are as follows: 





= (c-i) 2 (47- vc~y 






a<P 


= (C-1) 2 (4 7 + V / C) 2 




(C.l) 


b t 


= 16 7 2 (C - 2)(C 2 -2C + 2)- 8 7 v 


^C(2C 2 - 


6C + 5) + C(3C-4) 


b<p 


= 16 7 2 (C - 2)(C 2 - 2C + 2) + 8 7 v 


/ C(2C 2 - 


6C + 5) + C(3C-4) 


The t and 


4> coefficients are related by flipping 


; the sign 


of 7, though this is not a bonafide 



sign flip of the charge, under which C would also transform. 
The spin-3 field has components 



2 [2^C(C - 3) (4 7 (C 2 - 5C + 3) - Z\fC) 



rr 



3 V k C(C-2-cosh 2 (r)) 2 



16^2 fnC\ 3/2 fC-3\ (a t ,3 + &t,3COsh 2 (r))sinh 2 (r) 
^-~~3~VTj l"C^J (C-2-cosh 2 (r))2 (C - 2) 

1 «./^/ 7r£ ^ 3/ V C - 3 ^ (a^3 + ^,3CQsh 2 (r))sinh 2 (r) 
= 16V2 (,Tj (C-2-cosh 2 (r)) 2 + ^ M 



where 
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b ti3 = 64 (C(C(C 2 - IOC + 30) - 37) + 15) 7 3 

- 16VC(C(10C 2 - 57C + 88) - 36) 7 2 
+ 4C(C(9C 2 - 42C + 62) - 36) 7 
-3C 3/2 (2C 2 -6C + 5) 

6^3 = 64 (C(C(C 2 - 10C + 30) - 37) + 15) 7 3 

- 16VC(C(2C 2 + 3C- 16) + 12) 7 2 
+ 4C(C(-3C 2 + 6C- 10) + 12)7 
-3C 3/2 (2C 2 -6C + 5) 



C.2. Horizon holonomy 

For completeness, we provide the holonomy around the <p circle, which can be viewed as 
another piece of gauge-invariant information characterizing the effect of spin-3 charge. The 
holonomy matrix is just itself. We again work with the trace squared and determinant 
to obtain 



and 




(C.4) 




(C.5) 



The holonomy for the barred gauge field is 



det(^) = - det(^) , Tr(I 2 ) = Tr(A%) 



(C.6) 
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Appendix D. Prom wormhole to black hole 

We begin by recalling the vielbein reflection equations 

et(— r) = —h(r)~ 1 et(r)h(r) 

e^(-r) = h(r)- 1 e (j} (r)h(r) (D.l) 
e r (— r) = h(r)~ 1 e r (r)h(r) 

where h(r) e SL(3, R). We obtained these by solving for the horizon geometry perturba- 
tively in the charge, noticing that e^(0) = 0, and demanding reflection symmetry of the 
metric and spin-3 field as one moves away from the horizon. Consideration of the spin- 
connection, for which only w^(0) = 0, allows us to convert these to statements about the 
gauge fields which are simpler to work with: 

A+(—r) = h~ x (r)A-(r)h(r) 

A + (-r) = h^MA-frWr) 

_ (D.2) 
A r (-r) - A r (-r) = /i _1 (r) [A r (r) - A r (r)]h(r) 

A r (-r) +A r (-r) = a(r)/i _1 (r) [A r (r) + A r (r)]h(r) 

ct(r) is some function of r and the charge which will not be needed. 

Recalling that the gauge field A is related to the wormhole gauge field A by ( |4.2f) , 
our goal is to solve equations ( p.2|) for g(r) while solving for h(r) along the way. We will 
solve the first of these equations, after which we find that the remaining three are satisfied 
automatically. 

As stated in the text, perturbation theory indicates that g(r) and h(r) take the fol- 
lowing simple forms: 

g f r \ = e F(r)(Wi-W_i)+G(r)L 

h(r) = e *W(Wi+w_i) ( D - 3 ) 

This ansatz gives a metric and spin-3 field which respect the symmetries of the static BTZ 
solution around which we perturb. F and H are odd in 7, and G is even. In addition, H 
is odd under reflection through the horizon, consistent with 

h^i-r) = h(r) = h (DA) 

which is implied by ( p.l| ). Notice that the problem is now highly overconstrained: we are 
solving for three functions (F, G : H), but we have four 3x3 matrix equations to solve. 
Let us rewrite the first of equations ( D.2 ) in terms of A: 

A+(-r) = M~ l A-(r)M , M = g~ x (r)h(r)g~ l (r) (D.5) 
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There are five independent components of this matrix equation, which we solve directly. 
Expanded in generators, M includes pieces proportional to each element of SL(3,R) and 
the identity, making a mess of algebra. One is aided by defining redundant variables, 
solving for them, and reinserting these definitions to solve for (F, G, H) . To that end, we 
define the variables (X, Y) as 



y= _^w x = e _ OY (D6) 

These combinations are ubiquitous in the explicit form of these equations. 

After a display of brute force, one can reduce these five equations to the following 
three: 



_ Y-l / Y + 1 + cosher) 
X ~ VyTlVy-(l + cosh 2 (r)) (D - 7) 



tan if 



sinh(r) cosh(r) 



Y 2 - (1 + cosh 2 (r)) 1 



The sign of H correlates with the convention \x > 0. 
One can solve the first equation by taking 

Y 2 = 1 + Ccosh 2 (r) (D.8) 

where C is defined by 

C = %^ (D.9) 

as in (|4.12|) . The final expression for X, and then for (F,G,H), can be written most 
compactly as 

I C + Y-1 
X= \C-Y-1 

G = ~]og(X) 

F \fC (D.10) 
cosh(r) 



tan if 



G 2 

sinh(r 



'C-2-cosh 2 (r) 

Remarkably, this solves all of the reflection symmetry equations ( p.2j ). 
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Let us state some of the parameter ranges. Recalling the holonomy conditions, for 
example, we know that 3 < C < oo. This implies \Y\ > 2, so choosing the branch Y > 0, 
we see that X > 1. This in turn implies that (F, G) < 0. 

We can clearly see the divergence that feeds down to the metric and spin-3 field. Using 
the definition of Y, we note that 

cosh 2 (r*) = C- 2 y(r*) = C-l (D.ll) 

In the zero charge limit, C — > oo, X — > 1, and (F, G, H) — > as we recover the BTZ 
black hole. In the extremal limit, C — > 3, X — > oo, and (F, G) — > — oo. This explains the 
divergence of the metric and spin-3 field in the extremal limit: the gauge parameters are 
breaking down. For convenience, we present the first few terms in a perturbative expansion 
of F and G. With 

F = hi + is7 3 + /57 5 + • • • 
G = g 2 l 2 + #47 4 + 96l 6 + ■■■ 



(D.12) 



we have 



and 



4 

h = -g cosn ( r ) 

/ 3 = -^cosh(r) (2cosh 2 (r) -3) (D.13) 
81 

8192 

/s = — cosh(r) (6cosh 4 (r) — 15 cosh 2 (r) + 40) 

64 

<72 = - y 

^4 = -^(cosh 2 (r)-6) (D.14) 
65536 

#6 = -TT^T (l2cosh 4 (r) - 60cosh 2 (r) + 395) 



Appendix E. Generalization to SL(N,R) 



In this appendix we will briefly discuss (mainly following f5t|,|54[) how one determines 
the asymptotic symmetry algebras for the SL(N,R) vacua. As shown in |56| the inequiv- 
alent SL(2,R) embeddings in SL(N,R) are uniquely determined by the branching of the 
fundamental representation of SL(N,R) into rii dimensional representations of SL(2,R). 
The branchings are given by the partitions {ni, ■ ■ • ,ni} of N. From this one can deter- 
mine how the adjoint, i.e. the algebra itself, decomposes into representations of the SL(2,R) 
algebra. In general there are representations of spin s = up to spin s = N — 1. We denote 
the number of spin s representations by m s (of which some can be zero). For example 
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the principal embedding is given by the partition {N}, hence the adjoint representation 
decomposes as 

m 1 = l,m 2 = 1, •••,ra n _i = 1 (E.l) 

We denote the SL(2,R) generators as (L+, L_, Lq) (corresponding to a spin s=l multiplet) 
and the generators of spin as (W_l., W_ s . +X , • • • , ). The ansatz for the SL(N,R) 

a) 

connection is a "highest weight" gauge, where we associate a field with the W_ s . for each 
spin i. 

A = e- pLo (t x + T(x+)L_i + J {l) {x + )W^iy pL "dx + + L dp (E.2) 

i 

Here T is related to the stress energy tensor of the conformal algebra. A general gauge 
transformation is given by 

2si 

A = e~ pLo (e x L x + e L Q + e_ x L_ x + ^ ^ afw^je^ (E.3) 

i j=0 

By using the fact that the transform in spin Sj representations of the SL(2,R) 
and following the general strategy of considering gauge transformations which preserve the 
gauge choice (|E.3|) , one can establish the following facts: 

First, for each field with spin zero (i.e. Si = 0) to transform like a conformal 
primary, the relation of T to the stress tensor and the transformation parameter have to 
be modified. Temporarily referring only to the {J^,o.q} of the spin-0 representations, 
we must make the redefinitions 

T = r + E^( jW ) 2 ' o$>=S$>+e 1 jn (E.4) 

i 

With this improvement is associated with a weight one primary, and T is the stress 
tensor up to constant rescaling. Second, the fields JW with spin > then all transform 
like conformal primaries of weight + 1. 

For the principal embedding, ( |E.1|) implies that one has a (quasi) primary of weight 
2, i.e. the stress tensor, and conformal primaries of weight 3, 4, ■ • • , n. This is indeed the 
field content of the W n algebra and the classical W n algebra can be obtained this way. 

Other SL(2,R) embeddings will lead to different W algebras. For example, for SL(3,R) 
the only other partition is given by {2, 1}, and (|E.1| ) becomes 

m = 1, TOi/ 2 = 2, m x = 1 (E.5) 

(2) 

This gives one weight 1, two weight 3/2 and one weight 2 primary of the W$ algebra, as 
was established in more detail in the main part of the paper. 

The number of embeddings quickly grows with larger N and we will not discuss these 
cases here. 
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